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Abstract 

A concrete model for a 7-dimensional gauge theory under special holon- 
omy is proposed, within the paradigm outlined by Donaldson and Thomas 
[D-T] ■ over the asymptotically cylindrical G2— manifolds provided by Ko- 
valev's noncompact version of the Calabi conjecture |Kovi| |Kov2| . 

One obtains a solution to the G2— instanton equation from the associ- 
ated Hermitian Yang-Mills problem, to which the methods of Simpson et 
al. are applied, subject to a crucial asymptotic stability assumption over 
the 'boundary at infinity'. 
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Introduction 



This article inaugurates a concrete path for the study of 7-dimensional gauge 
theory in the context of G2— manifolds. Its core is devoted to the solution 
of the Hermitian Yang-Mills (HYM) problem for holomorphic bundles over a 
noncompact Calabi-Yau 3-fold, under certain stability assumptions. 

This initiative fits in the wider context of gauge theory in higher dimensions, 
following the seminal works of S. Donaldson, R. Thomas, G. Tian and others. 
The common thread to such generalisations is the presence of a closed tensor on 
the base manifold M, inducing an analogous notion of anti-self-dual connections, 
or instantons, on bundles over AI. In the case at hand, G2— manifolds are 
7— dimensional Riemannian manifolds with holonomy in the exceptional Lie 
group G2, which translates exactly into the presence of such a closed structure. 
This allows one to make sense of G2 — instantons as the energy-minimising gauge 
classes of connections, solutions to the corresponding Yang-Mills equation. 

While the development of similar theories, notably in dimensions four [D-Kj 
and six [Thoj , has led to the remarkable invariants associated to moduli spaces of 
instantons, little is currently known about the 7— dimensional case - indeed, no 
G2— instanton has yet been constructed, much less any moduli space invariants 
studied. This is due not least to the success and attractiveness of the previous 
theories themselves, but partly also to the relative scarcity of working examples 
of G2-manifolds [BT^ESlpoyl. 

In 2003, A. Kovalev provided an original construction of compact manifolds 
M with holonomy G2 |Kovi[ IK0V2I . These are obtained by gluing two smooth 
asymptotically cylindrical Calabi-Yau 3-folds Wi and W2 , truncated sufficiently 
far along the noncompact end, via an additional 'twisted' circle component S^. 
This opened a clear, three-step path in the theory of G2— instantons: 

(1) to obtain a HYM connection over each Wi, which pulls back to an in- 
stanton Ai over the product Wi x S^, 

(2) to glue the compatibly with the twisted sum (Wi x S^) # (T4^2 x S^), 
obtaining a G2— instanton A = Ai^A2 over M |Doni|[Tau] . and 

(3) to study the moduli space of such instantons and eventually compute 
invariants in particular cases of interest. 

The present article completes step (1) of the above strategy, while postponing 
the gluing theory for the sequel (SaE^]. It is organised in two Parts: the first 
one contains essentially background material on gauge theory under exceptional 
holonomy and a review of Kovalev's construction, thus may at first be overlooked 
by the expert; the second one is entirely devoted to the proof of Theorem \59l 
which guarantees the existence of HYM metrics on suitable holomorphic bundles 
over such a noncompact 3-fold W. 
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Summary 



I begin Section 1 recalling basic facts about the group G2 and motivating 
the appearance of the structure (f, then define 6*2— manifolds and men- 
tion some key properties {Subsection I J.i^p . In Section\^l move on to adapt 
gauge-theoretical ideas to the setting of 02— manifolds, such as the notion of 
self-duality of 2— forms in the presence of ip, topological energy bounds for the 
Yang-Mills functional and the relationship between HYM connections over a 
Calabi-Yau 3— fold W and G2— instantons over W x . 

Section\^\s a quick introduction to Kovalev's manifolds |Kovi[ [K0V2I , fea- 
turing the statement of his noncompact Calabi-Yau-Tian theorem and a dis- 
cussion of its ingredients {Section\^. The main purpose is to set the scene 
for the analysis to follow, which takes place over an asymptotically cylindrical 
SU (3) —manifold W as given by that theorem. 

The core of the paper is Part II, concerning the HYM problem on a holo- 
morphic bundle £ ^ W satisfying a certain asymptotic stability assumption and 
carrying a suitable reference metric Hq {Section^. This amounts to study- 
ing a parabolic equation on the space of Hermitian metrics |Don2[ |Don4| over 
an asymptotically cylindrical base manifold, and it follows a standard pattern 
[Sim [Guo But . One begins by solving the associated Dirichlet problem on Ws, 
an arbitrary finite truncation at 'length S" along the tube, first obtaining short- 
time existence of smooth solutions Hs (t) {Subsection \4- 11 , then extending them 
for all time. Fixing arbitrary finite time, one obtains Hg (t) — > H (t) on com- 

S^oo 

pact subsets of {Subsection \4-S^ . Moreover, every metric in the 1— parameter 
family H (t) approaches exponentially the reference metric Hq, in a suitable 
sense, along the cylindrical end. Hence one has solved the original parabolic 
equation and its solution has convenient asymptotia. 

From SectiionlS onwards I tackle the issue of controlling lim H (t). Adapting 

t— ^00 

the 'determinant line norm' functionals introduced by Donaldson [Don^ [Dons] , 
I predict in Claim |^7| a time-uniform lower bound on the 'energy density' F 
over a finite piece down the tube, of size roughly proportional to ||^^(^)||c'0(vf) 
(Subsection \5.S^ . The proof of this claim is quite technical and is postponed to 
Section\^ That, in turn, is a sufficient condition for uniform C"— convergence 
of H (t) over the whole of W, in view of an upper energy bound derived by the 
Chern-Weil method {Subsection \7.1l . Therefore the HYM problem is solved, 
as stated in Theorem \59l and solutions obtained have the property of decaying 
exponentially in all derivatives to the reference metric along the tubular end. 

Finally, Subsection \7.2\ brings the illustrative example of a setting £ ^ W 
satisfying the analytical assumptions of Part II, based on a monad construction 
originally by Jardim jJar] and further studied by Jardim & Sa Earp jJ-Sj . 

The author's thesis |SaEi| is the central reference for essentially all the con- 
tents of this paper. 
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Part I 

Gauge theory on G2— manifolds 

This Part is devoted to the background language and results on which the 
subsequent analytical investigation shall take place. The main references are 
|Bry[ ISall |Joy| and of course |Kovi[ IK0V2I . 

1 A brief introduction to manifolds 

Ultimately we want to consider Riemannian manifolds with holonomy group 
G2, so the first thing to do is to spot suitable candidates. A famous result by 
Berger |Joy[ Th.3.4.1, p.55] |Berl Th.3, p. 318] classifies essentially all cases in 
which a subgroup of SO (n) may occur as the holonomy group of an irreducible 
and nonsymmetric0 simply-connected Riemannian manifold. Accordingly, our 
starting point will be the following instance of Berger's theorem: 

Corollary 1. If (M,g) is a simply- connected Riemannian manifold such that 
g is irreducible and nonsymmetric and Hol(g) = G2, then dimilf = 7. 

There are many points of view on the geometry of exceptional Lie groups, 
so let us first establish the relevant setting for G2 in our context, then proceed 
to the Riemannian geometry of structures on manifolds. 

1.1 The group G2 

The exceptional Lie group G2 comes last in the classification of families of simple 
Lie groups according to their (connected) Dynkin graphs |Jac| : 

Ai,Bi, Ci, Di, Eq, Et, Eg,F4, G2 
" V ' 

exceptional 

where subscript counts simple roots in the Lie algebra. Families Eq, Ey, Eg, F4 
and G2 are called exceptional because each has a single element, yet G2 is again 
'exceptional' for admitting a triple edge, the greatest admissible root valence. 

Etymologies aside, we will be interested in an alternative definition of G2 
[Sail p. 155]; denote {e^}i=i^...^7 the standard basis of {M7) , e*-' = e* A etc.: 

Definition 2. The group G2 is the subgroup of GL{7) preserving the 3— form 

^„ = (ei2 - e34) A e5 + {e^^ - e^^) A + (ei4 _ e^^) A + e^^T (1) 

under the standard (pull-back) action on A^ (R'')*, i.e., 
G2^{geGL{7)\g*cp„^cpo}. 

^for a discussion of Lie groups arising as holonomy of Riemannian symmetric spaces, see 
[Joyl pp. 50-53]. 
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This arguably obscure definition encodes the geometrical fact that G2 is the 
group of automorphisms preserving a generalised vector cross-product in R'': 

a X 6 = i [a, 6] , (2) 

borrowing the commutator from the imaginary octonions ImO ~ R^. It is then 
straightforward to verify that (po induces the cross-product, under the Euclidean 
metric, by considering the following bilinear map from to its dual: 



X ^ (R"^)* 
(a, h) ^ (a, 6)j(/3o ¥^0 (a, h, .) = (a x h)* 



(3) 



Note that the restriction to ImO of the natural inner product on O, 

{a,h) ^\{a.h + h.a) , (4) 

defined by polarisation, coincides with the Euclidean inner product on R^: 

(a, b) — la'vi.Vvj) ~ i (— a'6-') {vi.v.j + Vj.Vi) = "S^ a^b\ (5) 

^ 1 ' ^ 

Indeed, the Euclidean metric itself can be recovered from ipo using the relation 

(a, b) e^-"^ = (aj(/3o) A {bj(po) A ipo (6) 

(established e.g. by direct inspection on basis elements). We conclude, in par- 
ticular, that the induced cross-product ^ is obtained solely from tpo. 

Actually, (po encodes completely the octonions' algebra, as we can see from 
two elementary properties of the imaginary octonions [Bae] : 

Lemma 3. For a,b E ImO, we have: 

1. a X b = a.b + (a, b) ; 

2. 6 (a, 6) = -trT,,fc, 

where Ta,b is the linear map given by the cross-product composition 

T.^feilmO ^ ImO 

V ^ ay. (b X v) . ^ ' 

Combining both parts of Lemma\^we have 

a.6 = a X 6+ itrTa,b (8) 

where the right-hand side is defined solely using the cross-product; hence the 
octonion product structure on Im O is indeed recovered from the cross-product 
given by (po. Moreover, it is easy to verify that G2 C SO {7), so part 1. of 
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Lemma means that G2 is exactly the group of algebra automorphisms of 
ImO. Extending the action trivially on 1 € O, we realise in the same sense 

G2 = Aut (O) . 

The connection between this presentation of G2 and the Lie algebraic setting 
at the beginning of this Section is the fact that 02 = Der (O) has precisely the 
triple-edged diagram predicted in the Dynkin classification jJacj . but this will 
not be important here. 

The following Theorem |Ery[ 1.] summarises relevant properties of 6*2: 

Theorem 4. The subgroup G2 C SO{7) C GL{7) is compact, connected, 
simple, simply connected and dim(G2) = 14. Moreover, G2 acts irreducibly 
on 'SJ and transitively on . 

1.2 G'2~structures and special holonomy 

Let M be an oriented simply-connected smooth 7— manifold. We will see that if 
M carries a torsion- free G2— structure, then it also admits a Riemannian metric 
with holonomy at least contained in G2. 

Definition 5. A G2— structure on the 7— manifold M is a 3— form ip E il^ (M) 
such that, at every point p € M , ipp — f* {(po) for some frame fp : TpM R^. 

Given such ip, the set of all global frames / satisfying ip — f*(po is indeed 
a principal subbundle of the frame bundle F M, with fibre G2, because 
the right-action of G2 on F fixes (po by definition. Moreover, as G2 C SO (7) 
[Theorem^, ip fixes the orientation given by some (and consequently any) such 
frame / and also the metric g = g (^p) given pointwise by Lemma We may 
refer indiscriminately to (p or g as the G2— structure. 

The torsion of (p is the covariant derivative \7ip by the induced Levi-Civita 
connection, and ip is torsion-free if \7ip = 0. 

Definition 6. A G2-manifold is a pair {M,ip) where M is a 7— manifold and 
ip is a torsion-free G2 — structure on M. 

The following theorem [ Joy| 10.1.3, p.244] [Fe-G] relates G2— manifolds and 
the exceptional holonomy reduction. 

Theorem 7. Let M be a 7— manifold with G2~ structure ip and associated met- 
ric g; then the following are equivalent: 

L V(/3 = 0, i.e., M is a G2 — manifold; 

2. Hoi (5) C G2; 

3. let *^ denote the Hodge star operator induced by g; then 

dip — d*ip ip — Q. 
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NB.: Equations V(/5 = and d *^ (p = are nonlinear in ip, since the metric g 
itself (hence also the Hodge star and the Levi-Civita connection) depends on ip. 

Finally, if we restrict our attention to compact 6*2— manifolds, the condition 
to have holonomy exactly G2 is given by the next theorem, which is a direct 
consequence of Cheeger-GromoU decomposition |Joy, 10.2.2, p. 245]. 

Theorem 8. Let {M,(p,g) be a compact G2 — manifold; then 



The purpose of the 'twisted' gluing in A. Kovalev's construction of asymptot- 
ically cylindrical G2— manifolds is precisely to secure this topological condition, 
hence strict holonomy G2. 




TTi (M) is finite. 
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2 Yang-Mills theory in higher dimensions 



The G2— structure allows for a 7— dimensional analogue of conventional Yang- 
Mills theory. The crucial fact is that one can use tpQ to establish a notion of 
(anti-)self-duality for 2— forms, by a convenient split of = (R^) in terms 
of irreducible representations of G2 . 

2.1 Self-duality in dimension 7 

Since G2 C SO (7), we have Q2 C so (7) ~ A^, under the standard identification 
of 2— forms with antisymmetric matrices. Denote h?_ = Q2 and its orthogonal 
complement in h?: 

A^^A^eA^. (9) 

Then dimA^ = dimA^ — dimA^ — 7, and we identify A^ ~ W as the linear 
span of the contractions = ViJLpQ. Indeed the (pull-back) 6*2— action on A^ 
corresponds to the (standard) action on R^: 

{g.ai){ui,U2) = ai{g.ui,g.U2) = ipoivi,g.ui,g.U2) 

= ipo {g^^-Vi,ui,u2) = {{g^^.Vi)jipa) {ui,u2) . 

It is straightforward to verify that a; G (92)^ C so (7); e.g., letting gi = 
e"i e SO (7) one has (glipo) (w2,W5, •) = -e^ ^ = Vo (w2,W5,-), so gi ^ G2. 
Moreover |Bry[ p. 541]: 

Claim 9. The space Aj_ has the following properties: 

1. Aj_ is an irreducible representation 0/6*2; 

2. A J. is the eigenspace of the G2~ equivariant linear map 

r] i-j> Tr] = * {rj A ipo) ■ 

By analogy with the 4— dimensional case, we will call A^ (resp. A^) the 
space of self-dual or SD (resp. anti-self-dual or ASD) forms. Still in the light of 
Claim\^ let us establish a convenient characterisation of the 'positive' projection 
in The dual 4— form to the G2— structure ^ in our convention is 

* ^0 = (e'" - el2) A e'' + (e/^ _ glS) ^ ^75 ^ (^23 „ ^14) ^ ^56 ^ ^1234 (JO) 

and we consider the G2— equivariant map (between representations of G2): 

L,^„ : A^ A^ 

77 H> 77 A *(pQ. 

As A J. and A^ are irreducible representations and dimA^ = dimA^, Schur's 
Lemma gives: 
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Proposition 10. The above map restricts to Aj. as i+ipoU^ ■ ^+ ~^ '^"^ 
L*^o\^2_ = 0. 

Proof. It only remains to check that the restriction L^,^g\j^2 is nonzero. Using 
© and (ITUl) we find, for instance, 

_ g234567 

Not only does this prove the statement, but it also suggests carrying out the 
full inspection of the L^^^ai, which yields 



r _ 1...1..7 



as a somewhat aesthetical fact. ■ 

Hence we may think of L^^^ , the 'wedge product with *(po \ as the orthogonal 
projection of 2— forms into the subspace ~ A^. 

2.2 Energy bound from Chern-Weil theory 

Given a unitary bundle i? — > M over a compact manifold (M, ip) without 
boundary, the curvature Fa € fl^ (qe) of some connection A conforms to the 
splitting (O: 

with F^ enliQE)- The —norm of Fa gives the Yang-Mills functional, or 
'energy', 

YMiA) = \\FA\\' = \\F+f + \\Fxf. (11) 

The values of YM (A) can be related to a certain characteristic class of the 
bundle E, 

k{E)= f tr (Fl) A ^. 

JM 

Using the property dip = 0, a standard argument of Chern-Weil theory |M-S) 
shows that [tr (i^^) A ip] is independent of A, thus the integral is indeed a 
topological invariant. Furthermore, by Claim\^[see (jA.l[) for notation]: 

^(E) = -[ {FaA{FaAv)}^ = -{Fa,2F+-Fx) 

JM 

= \\FAf-2\\Fi\\\ (12) 
Comparing with (fTT|) we get: 

YM{A) = 3 ||F+f + niE)^l{3 \\F^ f - k (E)) 
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As expected, YM {A) attains its minimum at a connection whose curvature is 
either SD or ASD. Moreover, since YM > 0, the sign of k{E) obstructs the 
existence of one type or the other. Fixing k{E) > 0, these facts motivate our 
interest in the G2—instanton equation: 



where L^^ is given pointwise by L*tpo, as in pagelTOl 

2.3 Relation with 3— dimensional Hermitian Yang-Mills 

Given a holomorphic bundle £ W over a Kahler manifold {W,uj), to every 
Hermitian metric H on £ there corresponds a unique unitary (Chern) connec- 
tion A = Ah compatible with the holomorphic structure |D-K1 §2.1.5], and its 
curvature satisfies Fa G Vi^'"^ (g) . Such a metric (or, equivalently, the associated 
connection) is called Hermitian Yang- Mills (HYM) if its curvature has vanishing 
cj— trace: 

Fa^{Fa,u) = G. (14) 

Let now be a Calabi-Yau 3— fold. We will see that the Riemannian product 
M = W X \s naturally a real 7— dimensional G2— manifold |Kovi[ eq. (2.1)], 
then verify that HYM connections on some £ ^ W pull back to G2— instantons 
over M . 

Starting with the Kahler 2— form w e Vl^'^ (VF) and holomorphic volume 
form VlonW |G-H-J[ p. 17], define 

Lp = a;A(i0 + Im57, , , 

Here dO is the coordinate 1— form on , and the Hodge star on M is given by 
the product of the Kahler metric on W and the standard flat metric on . Let 
us check explicitly that (flS)) is a G2— structure; at any p g W , we can choose 
coordinates — + iy* so that 

ujp = ^^(iz*A(iz*, VLp = dz^ Adz"^ Adz^, 

hence 

ojpAdB = {dx^ A dy^ + dx"^ A dy^ + dx^ A dy^) A dO, 
Im ftp = dx^ A (dx^ A dy^ + dy'^ A dx^) + dy^ A (dx^ A dx^ + dy^ A dy'^) . 

Setting 

= dx"^, = dx^, e^ = dy'^, e'^ = dy^, e^ = dy^, e^ = dO and e'' = dx^ 

one finds precisely the canonical form ipQ in ([2]). The whole prescription var- 
ies smoothly with p so 1^9 defines a G2— structure. Furthermore, inspection on 



(13) 
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tangent vectors using the inner product ^ shows that g + d9 ® dO = g (f) is 
indeed the metric induced by (p on M. Since duj = and dfl — 0, the pair (|T5|) 
satisfies dip = and d * (/? = as in Theorem^ so {M,ip) is a manifold. 
Alternatively, one may notice that the holonomy of g (ip) preserves the 'd9 dir- 
ection', thus Hoi (g {ip)) = Hoi (g) C SU (3) C G2 (since W is Calabi-Yau) and 
we reach the same conclusion, again from Theorem^ 

On the other hand, a connection A on £ W pulls back to pl£ — M via 
the canonical projection pi : W x W, and similarly do the forms uj and f2 

(for simplicity I keep the same notation for objects on W and their pull-backs 
to M). In particular, under the isomorphism L^,^\^2 ■ fl^ [Proposition 

I JOj . the SD part of curvature maps to 

(Pa) = FAA*ip= ^Fa A{uj Auj-2Rcn/\d9) . (16) 

Proposition 11. A Hermitian Yang-Mills connection A on a holomorphic vec- 
tor bundle £ ^ W over a Calabi-Yau 3— fold W lifts to a G2—instanton on the 
pull-hack bundle p*i£ ^ M = W x induced by the canonical projection. 

Proof. Recall that A satisfies Fa e_n^-'^ (W")and Fa = 0. Since Q G ° {W), 
the former implies Fa Afl = Fa A fi = 0, hence 

Fa A2Ren^ Fa a (n + n) ^ 0. 

Replacing this in (|16p . we check that F^ must be zero, as it maps isomorphically 
to the origin: 

F^ ^ ^FaAujAuj e n^^^iw) 

= {cst.)FA(^dVo\ {W) 
= 

by the HYM condition Fa = 0, using the fact that u) Auj — j^'^^* j * uj. ■ 

Thus, when M is of the form CY^ x S^, we may obtain G2— instantons by 
solving the HYM equation over CY^. This is the essential motivation for the 
analysis in this paper. 
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3 Asymptotically cylindrical Calabi-Yau 3— folds 



I will give an abbreviated account of the building blocks in the construction 
of compact Riemannian G2— manifolds developed by A. Kovalev |Kovi[ [Kov2| - 
These are achieved by gluing together, in an ingenious way, a pair of non- 
compact asymptotically cylindrical 7— manifolds of holonomy SU (3) along their 
cylindrical ends. Such components are of the form W x S-^, where (W,uj) is 
3— fold given by a non-compact version of the Calabi conjecture, so we can 
anticipate that they will carry G2— structures as discussed in Subsection \2.3[ 
The next Definition summarises the basic ingredients. 

Definition 12. A base manifold for our purpose is a compact, simply- connected 
Kdhler 3~fold (W, w) satisfying the following conditions: 

• there is a K3—surfac^ D G |— if^yj with holomorphically trivial normal 
bundle Njj f-^; 

• The complement W — W \ D has finite fundamental group tti (W). 

One wants to think of as a compact manifold Wo with boundary D x 
and a cylindrical end attached there: 



3 ~ (£» X S"! X M+) 



(17) 




<^ D 







Figure 1: Asymptotically cylindrical Calabi-Yau 3- fold W 

NB.: Ws denotes the truncation of W at 'length 5' on the M+ component 
along the tubular end. 



i.e., a 



simply-connected compact complex surface with ci (D) 



= 0. 
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3.1 Elementary properties 

Let So & {W , be the defining section of the divisor at infinity D; then, 

So defines a holomorphic coordinate z on a neighbourhood U C {Woo U D) of D. 
Since J\fjj is trivial, we may assume f7 is a tubular neighbourhood of infinity, 
i.e., 

C/~ D X {|z| < 1} (18) 

as real manifolds. Denoting s e R+ and a G 5^, we pass to the asymptotically 
cylindrical picture p7|) via z — e^*^"'". For later reference, let us establish a 
straightforward result on the decay of coordinates induced by z on differential 
forms: 

Lemma 13. With respect to the model cylindrical metric, 

\dz\,\dz\ =0(|e-"|). 

Proof. In holomorphic coordinates (z,^^,^^) on D C U C W such that z = 
e"'*-'" and £> = {z = 0} C C/, we have 

dz = — z (ds — ida) 
dz = —z(ds + ida) 

and \z\ = \z\ = e~*. ■ 

Furthermore, the holomorphic coordinate z on J7 is the same as a local 
holomorphic function r, say. The assumptions that W is simply connected, 
compact and Kahler imply the vanishing of Dolbeault cohomology |Huy[ Cor. 
3.2.12, p.129] 

ijo^i (W) ® i/O'i (W) = H\W, C) ^ 0, 

in which case one can solve Mittag-Leffier's problem for i on W \G-E\ pp.34-35] 
and T extends to a global fibration 

t:W ^CP^ (19) 

by i4r3— surfaces diffeomorphic (though not in general biholomorphic) to D. In 
fact, this holomorphic coordinate can be seen as pulled-back from CP^, i.e., 
is the pull-back of a degree-one line bundle L CP^ and z = t*so for 
some So € i/" (L) [Km^ §3]. 

3.2 Kovalev's noncompact Calabi-Yau theorem 

The K3 divisor 13 is a compact complex surface, with complex structure I 
inherited from W; by Yau's theorem, it admits a unique Ricci-flat Kahler metric 
in the Kahler class 

Ki = uj\^ + -^dd^uo (20) 

where uo G C°° (D, R). Ricci-flat metrics on a surface are hyper-Kdhler |G-H-J1 
§4.6], which means D admits additional complex structures J and K = IJ 
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satisfying the quaternionic relations, and the metric is also Kahler with respect 
to any combination al + bJ +cK with (a, b, c) G S^. Let us denote their Kahler 
forms by kj and kk- In those terms we may state Kovalev's noncompact version 
of the Calabi conjecture |Kovi[ Theorem 2.2]: 

Theorem 14 (Calabi- Yau-Tian-Kovalev). For W — W \ D as above: 

1. W admits a complete Ricci-flat Kahler structure uj; 

2. along the cylindrical end D x S^^ x (M_|_)^, the Kahler form lu and its holo- 
morphic volume form are exponentially asymptotic to those of the (product) 
cylindrical metric induced from D: 

Woo = Ki + ds A da , , 

rioo = {ds + ida) A (kj + ikk) ; ^ ' 

3. Hoi (w) = SUi-i), i.e., W is Calabi-Yau. 

By exponentially asymptotic one means precisely that the forms can be writ- 
ten along the tubular end as 

w|iv^ = Woo + Vt\^^ = VL^ + d<i 

where the 1— form -0 and the 2— form 5* are smooth and all derivatives are 
O (e"'*'*) with respect to Woo, for any A < min |l, ^JXi and Ai {D) is the 

first eigenvalue of the Laplacian on D with the metric k/ . 

Remark 15. Although this will not be relevant in this first paper, it should be 
noted that the resulting G2 — structures on pairs W x and W" x are then 
superposed along a truncated gluing region down the tubular end, using cut-off 
functions to yield a global G2~ structure ip on the compact manifold 

M = W'^sW", 

defined by a certain 'twisted' gluing procedure. This structure can be chosen to 
be torsion-free, by a 'stretch the neck' argument on the length parameter S. A 
detailed discussion of the corresponding instanton gluing theory will come out 
in fSoE^ . 
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Part II 

Hermitian Yang-Mills problem 

Let {W, uj) be an asymptotically cylindrical Calabi-Yau 3— fold as given by The- 
orem [77] and £ ^ W the restriction of a holomorphic vector bundle on W 
satisfying certain stability assumptions. Our guiding thread is the perspective 
of obtaining a smooth Hermitian metric H on £ satisfying the HYM condition 

= (Fh,c^) = 0, (22) 

which would effectively solve the associated instanton equation on x S'"'^ 
[cf. Provosition l 1 1\ . Consider thus the following analytical problem. 

Let Ws be the compact manifold (with boundary) obtained by truncating 
W at length S down the tubular end. On each Ws we consider the nonlinear 
'heat flow' 

{ ^ ^ - on Wsx[0,T[ (23) 

[ H{Q) = Ho 

with smooth solution Hg (t), defined for some (short) T, since (1^51) is para- 
bolic. Here Hq is a fixed Hermitian metric on £ W with 'good' asymptotic 
behaviour, and one imposes the Dirichlet boundary condition 

H \dWs— Ho \dWs ■ (24) 

Taking suitable t ^ T and S* — > oo limits of solutions to (|23l) over compact 
subsets Wso , we obtain a solution H (t) to the evolution equation defined over 
W, for arbitrary T < oo, with two key properties: 

• each metric H (t) is exponentially asymptotic in all derivatives to the 
reference metric Ho over typical finite cylinders along the tubular end; 

• a H (t) converges as i < T — > oo, then the limit is a HYM metric on £. 

Moreover, I will show that the infinite-time convergence of H (t) over W, 
hence the existence of the smooth HYM metric, can be reduced to a lower 
'energy bound' on (t) i over a domain down the tube roughly proportional to 
ll^(^)llc''(iv)' which is then proved. 

4 The evolution equation on W 

We start with a holomorphic vector bundle £ over the original compact Kahler 
3— fold (WjUi'j [cf. Section[3[ and we ask that its restriction to the divisor 
at infinity D be (slope-)stable |0-S-S[ H,§1.2] with respect to [ui]. As stability is 
an open condition, there exists 6 > such that £\jj is also stable for all |z| < 5. 
In view of this hypothesis, we will say colloquially that £{-^^^1), denoted simply 
£ — ^ VF, is stable at infinity over the noncompact Calabi-Yau (W, uj) given by 
Theorem ] 14\ this is consistent since [lo] = In summary: 
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Definition 16. A bundle £ ^ W will be called stable at infinity (or asymp- 
totically stable ) if it is the restriction of a holomorphic vector bundle £ ^ W 
satisfying: 

• £ is irreducible (i.e., indecomposable as a direct sum); 

• £\]j is stable, hence also £\jj for \z\ < S. 

The last ingredient is a suitable metric for comparison. Fixing a smooth trivi- 
alisation of f I (7 over the tubular 'neighbourhood of infinity' C/~Z3x{|z|<l}c 
W, we have a C°° identification between each f |^ and f |^. Define iJolu as 
the Hermitian Yang-Mills metric on £\^ and denote K its pull-back over U. 
Then, for each < \z\ < S, the stability assumption gives a self-adjoint element 
hz £ End {£\oJ such that Ho\jj = K.hz is the HYM metric on £\^ . Suppos- 
ing, for simplicity, that £ is an S'L(n, C)— bundle and fixing deth^, I claim the 
family hz varies smoothly with z across the fibres. This can be read from the 
HYM condition; writing Fq^z for the curvature of the Chern connection of Ho\j-, 
and Az for the contraction with the Kahler form on Dz (hence, by definition, 
F = AzF), we have: 

F^z = ^ Pz{hz)^AKhz + i(^FK.hz + hz.FK)+2iAz{dKhz.h-\dKhz)^0 

where {Pz} is a family of nonlinear partial differential operators depending 
smoothly on z. Linearising |Don2[ p. 14] and using the assumption Fq^q = we 
find {SzP)\z^o ~ the Laplacian of the reference metric, which is invertible on 
metrics with fixed determinant. This proves the claim, by the implicit function 
theorem. 

Extending Hq in any smooth way over the compact end W \ U, we obtain a 
smooth Hermitian bundle metric on £. For technical reasons, I also require Hq 
to have finite energy: 



Fho 



< oo. 

L^iW,uj) 



Definition 17. A reference metric Hq on the asymptotically stable bundle £ — >■ 
W is (the restriction of) a smooth Hermitian metric on £ W such that: 

• -ffolz) OLTe the corresponding HYM metrics on £\j-i , Q < \z\ < 5; 

• Hq has finite energy. 

Remark 18. Denote Aq the Chern connection of Hq, relative to the fixed holo- 
morphic structure of £. Then by assumption each ^oId. ^-^ ASD (D-Kt Prop. 
2.1.59, p. 4'^]. In particular, AqId induces an elliptic deformation complex 

(fl) (0) nl (g) 

where q = Lie {G\d) generates the gauge group Q = Endf over D. Thus, 
the requirement that £\]j be irreducible imposes a constraint on the associated 
cohomology: 

H4 I = 0, 
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as a non-zero horizontal section would otherwise split E\jj. 

Furthermore, although this will not he essential here, it is worth observing 
that one might want to restrict attention to acyclic connections \Doni \ Def. 
2.4, P-25], i.e., whose gauge class [Aq] is isolated in A^£|^. Such requirement 
would, in other words, prohibit infinitesimal deformations of Aq across gauge 
orbits, which translates simply into the vanishing of the next cohomology group: 

H4 I = 0. 

Ao\d 

This nondegeneracy will be central in the discussion of an instanton gluing theory 

The underlying heuristic in our definitions is the analogy between looking 
for solutions with finite energy to partial differential equations over a compact 
manifold, with fixed values over a hypersurface, say, and over a space with 
a topologically cylindrical end, imposing their exponential decay to a suitable 
boundary condition at infinity. 

4.1 Short time existence of solutions and C°— bounds 

The short-time existence of a solution to our evolution equation is a standard 
result: 

Proposition 19. Equation l\2S^ admits a smooth solution Hs {t), t E [0,e), for 
e sufficiently small. 

Proof. By the Kahler identities, (|23| is equivalent to the parabolic equation 
^ - -{Aoh + i(^Fo.h + h.Fo^ +2iA{doh.h-\doh)} 

for a positive self-adjoint endomorphism h (t) — H^^Hs [t] of a unitary bundle 
with Chern connection from Hq. The result is an instance of |Haml Part IV, 
§ll,p.l22]. ■ 

The task of extending solutions to all time will be left for the next Subsection. 
For now let us introduce some preliminary results; we begin by recalling the 
parabolic maximum principle: 

Lemma 20 (Maximum principle). Let X be a compact Riemannian manifold 
with boundary and suppose J G C°° {W^ x is a nonnegative function satis- 
fying: 

^ + A^ ft (x) < 0, V {t, x)eM.+ xX 
and the Dirichlet condition: 

h\dx = 0. 

Then either sup/t is a decreasing function oft or / = 0. 

X 
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The crucial role of the Kahler structure in this type of problem is that it 



often suffices to control sup 



F, 



H 



in order to obtain uniform bounds on H and 



its derivatives, hence to take limits in one-parameter families of solutions. Let 

2 



US then establish such a bound; I denote generally e = 

2 



H 



H 



and, in the 



immediate sequel, et = 



Hs{t) 



on Ws- Then 



Corollary 21. Let {Hs {t)}Q^^^rp be a smooth solution to on vvs- 
sup i-t is non-increasing with t; in fact, there exists B > 0, independent of S 

Ws 

and T , such that 

2 



sup 

Ws 



Hs{t) 



< B. 



Proof. Using the Weitzenbock formula |D-K[ p. 221], one finds 



dt^^^'^ = - 



dHs{t)FHs(t) 



< 0. 



(25) 



(26) 



At the boundary dWs, for t > 0, the Dirichlet condition (p4)) means pre- 
cisely that Fls\g'^^ is constant, hence the evolution equation gives et\Qy^^ = 



0. Then B 



dWs 



sup eo. 

Ws 



In order to obtain C*'— bounds and state our first convergence result, let us 
digress briefly into two ways of measuring metrics, which will be convenient at 
different stages. First, given two metrics H and K of the same determinant we 
write 

H = K.e^ 

where ^ € F (End 5) is traceless and self-adjoint with respect both to H and K, 
and define 

A : Dom (C) C VF ^ M>o (27) 

as the highest eigenvalue of ^ [Donsl §111] . Indeed, for the purpose of Yang- Mills 
theory we may assume detH = 1, since the L^— norm of tr Fh is minimised 



independently by the harmonic representative of [ci (£)]'^^. Now, clearly 



\H -K\< {cst).\K\ 



(28) 



so it is enough to control sup A to get a bound on ]|iJ||(^o relatively to K. Except 
where otherwise stated, we will assume K = Ho to be the reference metric. 

Remark 22. The space of continuous (bounded) bundle metrics is complete 
with respect to the — norm jRud, Theorem 7.15], so convergence as metrics 
is equivalent to uniform convergence in the pointwise norm. 



Second, there is an alternative notion of 'distance' |Don2[ Def. 12], which is 
more natural to our evolution equation, as will become clear in the next results. 
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Definition 23. Given two Hermitian metrics H, K on a complex vector bundle 
E, let 

t{H,K) = tr H-^K 

a{H,K) = t{H,K) + t{K,H) -2Tk£. 

The function a is nonnegative (since a + a^^ > 2, Va > Oj, it vanishes if and 
only if H = K and its expression is symmetric in H and K. 

Although cr is not strictly speaking a distance, it compares to A by increasing 
functions: 

(7 = tr (e^ + e"'^ - 2.1d) 

> + e"^ - 2 = e"^ [e^ ^ ^ ' 

Remark 24. A sequence {Hi\ converges to H in the C^—norm if and only 
if supa {Hi, H) — ^ 0. The former because supe^ — > 1 and the latter because 
obviously \im H = limH~^Hi — Id . 

From the previous inequality we deduce, in particular, 

e^ < cr + 2. (29) 

Conversely, it is easy to see that 

cr < 2r.e('-i)^ 

where r = rk£. Furthermore, in the context of our evolution problem, cr lends 
itself to applications of the maximum principle |Don2[ Prop. 13]: 

Lemma 25. If Hi{t) and H2(t) are solutions of evolution equation (jj^gp . then 
a{t) = (J {Hi{t), H2{t)) satisfies 

Corollary 26. If a smooth solution Hs (t) to on Ws, with Dirichlet bound- 

ary conditions, is defined for < t < T , then Hs (t) — >■ Hs (T) and Hs (T) is 
continuous. 

Proof. The argument is analogous to |Don2[ Cor. 15]. By Remarks \22\ and 
it suffices to show that super (Hs (t) , Hs {t')) converges to zero as i' > t — T. 
Clearly ft = snp a {Hs {t) , Hs {t + t)) satisfies the (boundary) conditions of 

Ws 

LemmaWIA so it is decreasing and 

super (i/s (t) ,Hs[t + T))< snp a (Hs (0) , Hs (r)) 

Ws Ws 

for all t,T,5 > such that 0<T-S<t<t + T<T. Taking S < e in 
Proposition \19\ we ensure continuity of Hs (t) at i = 0, so the right-hand side 
is arbitrarily small for all t sufficiently close to T. Hence Hs {t) is a uniformly 
Cauchy sequence ast^T. ■ 
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Looking back at (1^^ . we may interpret Fh intuitively as a velocity vector 
along 1— parameter families H (t) in the space of Hermitian metrics. In this case, 
Corollary [S7\ suggests an absolute bound on the variation of H for finite (pos- 
sibly small) time intervals < t < T where solutions exist. A straightforward 
calculation yields 



< tr 



< 



tr {iFHs)-{e 



) < (est.) 



F, 



Hs 



using the evolution equation and Corollary[2l\ Combining with ([29| and integ- 
rating, 

^ ^ ' (30) 



<(j + 2<2e 



BT 



C' 



T, 



\ft < T. 



Consequently, for any fixed So > 0, the restriction to Wsq of Hs {t) lies in a 
C"— ball of radius log Ct about Hq in the space of Hermitian metrics, for all 
S > So and t < T. Since Ct doesn't depend on S, the next Lemma shows that 
the Hs converge uniformly on compact subsets Wsq C W for any fixed interval 
[0, T] (possibly trivial) where solutions exist for all S > So- 

Lemma 27. // there exist Ct > and Sq > such that, for all S' > S > Sq, 
the evolution equation 

I ^"'^ = "^'^^ on Wsx[0,T] 

[ H (0) - Ho, H\gy^,^ - ^olaws 

admits a smooth solution Hs satisfying 

<j{Hs,Hs>)\w^<Ct, 
then the Hs converge uniformly to a (continuous) family H on Wsq x [0,T]. 
Proof. It is of course possible to find a function (/) : ly — ^ M such that 

= 0, on Wo 
(j) {y, a, s) — s, for s > 1 
\A(j)\ < L 

thus giving an exhaustion of W by our compact manifolds 
Ws^{peW\^ip)<S}, S>So. 
Taking < 5 < S", I claim 

a {Hs (i)|^^ , i?s' m^,) (P) < ^ i^ip) + Lt) , V(p,i) eWsX [0,T] , 
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which yields the statement, since its restriction to Wsq gives 

Ct {So + LT) 



ct{Hs,Hs')\ 



< 



0. 



The inequaUty holds trivially at t = and on dWs by ([50]) . hence on the whole 
of Ws X [0,T], by the maximum principle [Lemma \20\ : 



d 
di 



A [a{Hs,Hs' 



Ct 



(0 + Lt)]< 



(A0 + L) < 0, 



using \Aip\ < L and Lemma\25i ■ 
This defines a continuous Hermitian bundle metric over our non-compact 



W: 



Hit) 



lim Hs it) 



t < T. 



(31) 



It remains of course to show that any Hs can be smoothly extended for all 
t £ [0,00 [ and that the limit metric H (t) is itself a smooth solution of the 
evolution equation on W, with satisfactory asymptotic properties along the 
tubular end. 



4.2 Smooth solutions for all time 



The bound (f25)) allows us to extend solutions Hs to t ^ T, hence past T, for 
all time |Sim[ Corolary 6.5]. More precisely, we can exploit the features of our 



problem to control a Sobolev norm ||Ai?|| by sup 



F 



and weaker norms of H. 



Lemma 28. Let H and K he smooth Hermitian metrics on a holomorphic 
bundle over a Kdhler manifold with Kdhler form to; then, for any submultiplic- 
ative pointwise norm \\.\\, 



\AkH\\ < (est.) 



Fh 



l]\\H\\ 



VkH^ H- 



(32) 



where Ak = 2iAi^ddK is the Kdhler Laplacian and (est.) depends on K and \\.\\ 
only. 

Proof. Write h = K^^H and V k for the Chern connection of if. Since V kK = 
0, 

AkH = K.Axh. 
On the other hand, the Laplacian satisfies (D-Kl p. 46] ID0112I p. 15] 

AKh ^h[FH~ Fk) + iA^ {dh.h-^ A dxh) 

so the triangular inequality and again V kK — Q yield the result. ■ 

That will be the key to the recurrence argument behind Corollary [23 es- 
tablishing smoothness of Hs as t ^ T. Let us collect some preliminary results 
based on [Siml Lemma 6.4]. 
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Lemma 29. Let {^^i}o<i</ one-parameter family of Hermitian metrics on 
a bundle £ ^ X over a compact Kdhler manifold-with-boundary such that 

c° 

1. Hi — > Hi, where Hj is a continuous metric, 



2. sup 

X 



Hi 



is bounded uniformly in i, 



3- HiIqx — ^o; 

then {Hi} is bounded in {X) uniformly in i, for all p < oo, so Hi is . 

Corollary 30. If{Hs it)}o<t<T ^ solution of l\2S^ with Dirichlet condition on 
dWs, then the Hs (t) are bounded in {Ws) uniformly in t, for all 1 < p < oo, 
and Hs (T) is of class . 

Proof. By Corollary \26\ and (|25|) . {^^s (i)}o<t<T satisfies Lemma\2^ ■ 

The Corollary gives, in particular, a time-uniform bound on H^ifs ||ip(vFs)- 
This can actually be improved to a uniform bound on all derivatives of curvature: 

Lemma 31. Fhs is bounded in (Ws), uniformly in < t < T < oo, for 
each k > 0. 

Proof. By induction in k: 

k = 1 : following |Don2[ Lemma 18], we obtain a uniform bound on es{t) = 

I 1 2 

I Fh^ (() I , using the fact that 

^ + es < {est.) ((es)^ +es 

|Don2[ Prop. 16, (ii)], and consequently 

es it) < (est.) (^1 + ^ ||(es)^ + J , (33) 

where Kt is the heat kernel associated to ^ + A and ^ + ^ = 1- On the complete 
[Theorem^T^ 6— dimensional Riemannian manifold Ws, Kt satisfies |E-S| §9] the 
diagonal condition 

Ktix,x)<^^, VxeWs 

of Theorem \ 61l which gives a 'Gaussian' bound on the heat kernel. So, fixing 
C > 4 and denoting r (., .) the geodesic distance, we have 

Kt [x, y) < ^ exp | , Vx, y € M^s- 
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Hence, for each x S Ws, we obtain the bound 



(est.) 

Now, p<|<=>f(l — p)> —1, in which case 



T 

\\Kt{x,.)\\^,^^^)dt<Cp{T). 

3 

InequaUty (|33|) gives the desired resuh provided (eg) = g (VFs) for some g > 3; 
this means FHs{t) G -^'^ (W^s) for some q > 9, which is ensured by Corollary [ffOl 

fc ^ + 1 : The general recurrence step is identical to |Don2[ Cor. 17 (ii)], using 
the maximum principle [Lemma\25\ with boundary conditions. ■ 

We are now in shape to put into use the Kahler setting, combining the 
L^— bounds on F (hence on F) with inequality (|32|) . via elliptic regularity: 

Lemma 32. Let {^^j}o<i</ one-parameter family of Hermitian metrics 

on a holomorphic vector bundle £ ^ X over a compact Kdhler manifold-with- 
boundary such that 

1. Hi — > H , where H is a continuous metric, V (1 < p < oo), 



2. 



<C'. VfceN, V(l<p<oo), 



3- WMlIOX) < Cp,k VA: e N, V (1 < p < oo); 
then {Hi} is C°° — bounded and H is smooth. 

Proof. Fixing p > 1, I will prove the following statement by induction in k: 
\\H\\jv and ||i?~^|Lp are bounded, Vfc > 0. 

The first hypothesis gives step k = 0. Now, assuming the statement up to step 
fc- 1, 

ll^"'IL^ = \\H-'\\,. + P{H-')\\,._^ 
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so lli? "'^ILp is bounded. On the other hand, ehiptic regularity on manifolds- 
with-boundary and (j32p . with K = Hq, give 



\H\\ 



< icst.)[\\AH\\% + \\H\\%+\\H\ 



< (est.) 



\H\ 



\Fh\ 



\H\\ 



H- 



\H\ 



L" „{dX) 



where (est.) depends on Hq and X only, and all those terms are bounded by 
assumption. Passing perhaps to a subsequence, {Hi} is bounded in C°° and its 
limit H is smooth. ■ 

Corollary 33. Under the Dirichlet condition, the limit metric Hg (T) is smooth. 

Proof. Corollary \30\ gives hypothesis 1., Lemma [31\ gives 2. and the Dirichlet 
condition on dWs gives 3., as _ffo is smooth. ■ 



bmce Hs (t) ^ Hs (T), the solution can be smoothly extended beyond T, 



t->-T 



by short-time existence, hence for all time jSim[ Prop 6.6]: 

Proposition 34. Given any T > 0, the family of Hermitian metrics H (t) on 
E ^ W defined by l\31\ is the unique, smooth solution of the evolution equation 



at 

H (0) = Hq 



W X [0, T] 



with sup \H\ < oo. Furthermore, sup 
w w 



Hit) 



< B = sup 
w 



Ho 



Proof. On any compact subset Wsq x [0,T], Hs are C°°— bounded so, by the 
evolution equation, ^ and H is a solution on Wso x [0, T] satisfying 

the same bounds. This is independent of the choice of 5o. ■ 
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4.3 Asymptotic behaviour of the solution 



We have a solution {H (t)} of the flow on W [Proposition^^ , giving a Hermitian 
metric on £ ^ W for each t & [0, T]. Let us study the asymptotic properties of 
H (t) along the non-compact end. Set 



et 



H{t) 



First of all, as a direct consequence of Lemma [7M I claim 

1 



eo < Be, 



on Wo 
on dWs 



s > 



(34) 



where B = sup eg [Corollary \21\ . In a holomorphic trivialisation of £ over 
w 

the neighbourhood of infinity U, with coordinates (2,^^,^^) such that D = 
{z = 0} C W^, the curvature Fhq is a (1,1) —form with values in End£: 



^Ho \u-^D = dzA^ + ^{F,, dz A dC + F,, A dz) + ^ Fij A 
o(kl') ' 0(1^1) o(k|) ^'J' 

(35) 

The terms involving dz or dz decay at least as ( | z | ) along the tubular end 
[Lemma\T^ , and all the coefficients of Fh^ are bounded, so Fh^ — > Fijd£^^ A 

\z\^0 

Consequently, 



FH„{z,e,e 



F, 



0, 



i.e., Fho decays exponentially to zero as s — cx). From (|34p we now obtain the 
exponential decay of each e* along the cylindrical end: 



Proposition 35. Take B and e as in 



then 



et < (Be*) e on W. 

Proof. The statement is obvious on Wq- For any so,io > 0, take T — S > 
max{so,to}, let Ss = Ws \ Wo and consider on E5 x [0,r] the compar- 
ison function g {t, s) = Be*"". Using the Weitzenbock formula one shows that 



F, 



Hs 



and Hg is a solution of our flow 



(^ -h A) es < [cf. dM])], where eg = 
on Ws as in Lemma^S^ For -0 = es—g, one clearly has (^ -I- A) < (our sign 

loc 9^ 



convention for the Laplacian is A 
[Lemma\20\. 

ip < max 

a([0,T]xSs 



and, by the maximum principle 
{is - Be*-"} < 0. 



To see that the r.h.s. is zero, there are four boundary terms to check: 
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s = S : the Dirichlet condition means es [t, S) = 0, Vi > 0, so ip {t, S) < 0; 
0: ■4'it,0) < B(l - e*) < 0; 



s 


= 0: 


t 


= 0: 


t 


= T 



0: (iMl) gives (0, s) < 0; 



we have -ip (T, s) < B {l - e^'") < 0. 
This shows that es {t, s) < Be*"" on E5 x [0, T]. Take T = S ^ 00. 



As a result, we may replace pointwise (Be'^) e * for B in to obtain 



exponential C"— convergence of _ff (i) along the cylindrical end: 

a (Hit), Ho) \aws=0{e-^)^ 



(36) 



The next result establishes exponential decay of H (t) in . I state it in 
rather general terms to highlight the fact that essentially all one needs to control 
is the Laplacian, hence F in view of ([5^. The proof emulates |Don4[ Prop. 8]. 



Proposition 36. Let V be an open set of a Riemannian manifold X, V' <Z V an 
interior domain and Q ^ X some bundle with connection V and a continuous 
fihrewise metric. There exist constants e, A > such that, if a smooth section 
(/) G r (Q) satisfies: 



1. 



< e: 



2. |A0| < / (|V0|) on V , for some non- decreasing function f : K.+ — > K.+ ; 

2'. the above assumption remains valid under local rescalings by a constant, 
in the sense that, in every ball Br C V , it still holds for some function f 
after the radial rescaling <f) [x) = [mx), m > 0; 



then 



\CHV') 



<A\ 



\C"{V) 



Proof. I first contend that cf) obeys an a priori bound 

|(V0)Jr(a;) < 1, Vx e V 

where r (x) : F — > M is the distance to dV. Since the term on the left-hand 
side is zero on dV, its supremum is attained at some x E V'^ ~ V (possibly not 
unique). Write 

m=|(V(/.)J, R^rix) 

and suppose, by contradiction, that i? > ^. If that's the case then we rescale 
the ball Bn (x) by the factor m, obtaining a rescaled local section cj) defined in 
BmR D Bi. In this picture, any point in i? ^ Bi is further from dV than ^, 

< 2. By assumptions 2. and 2'. there 



hence, by definition of x 
exists i > such that 



A0 



c'>{b) 



CO[b) 

< L, and elliptic regularity gives 



CO.°(b) 



< Cc,.{L + e) 
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using assumption 1.. Now, the rescaled gradient at x has norm 
so, taking a — \ (say) in a smaller ball of radius p = (2^)^, 



= 1 



2c 1 



> 1 — Cl .p2 > 



Va; e Bo 



This means 



varies by some definite (5 > inside Bp and we reach a contra- 



diction choosing e < 5. So 

l(v<A), 



< 



inf r 

9(7 



Va; e C 



for some open set U containing V' . To conclude the proof, it suffices to apply 
Moser's estimate [Mos, Theorem 3] and control the L^— norm of Vcj) on U : 



{est.) \\V(t)\\ 



CO(V") 



< 



< 



2 



(V0,V0) 
u 
2 

L^(V') 



|V0| 

|V<?^llCO(C/) 

and the last term is obviously bounded by {est.) 

Now let End£ = Q in Provosition \36[ with connection Vo 



(0,A0) 



|2 



Notation 37. Given S > r > 0, write ("S") /or the interior of the cylinder 
{Ws+r \ Ws-r) of 'length' 2r. We denote the C'^— exponential tubular limit of 
an element in {T{Q)) by: 

(f> (f>() ^ U-McH^i{s).i.o)=0{e ). 

For 5 > 3, let F = S3 {S) and V = S2 {S) so that the distance of V to 
dV is always 1. In view of p6p . for whatever e > given by the statement, 
it is possible to choose 5 ^ so that — (<) — _ffo)ls3(s) satisfies the 
first condition (for arbitrary fixed t), hence also the second one by ([5^ . with 
f{x) — {est.) [{B + 1) £ + x^] and {est.) depending only on Hq and e. We 
conclude, in particular, that H{t) is C"'^— exponentially asymptotic to Hq in the 
tubular limit: 

H{t) Ho. (37) 

Furthermore, in our case the bound on the Laplacian (j32[) holds for any 
L^— norm, given our control over all derivatives of the curvature [Lemma \31\ . so 
the argument above lends itself to the obvious iteration over shrinking tubular 
segments I]i^^(S'): 

Corollary 38. Let {H {t) \ t e [0,r]} be the solution to the evolution equation 
on £ W given by Proposition I34i " then 



H{t) ^ Ho, 



Vfc e N. 
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Combining existence and uniqueness of the solution for arbitrary time [Pro- 
position's^ and C°°— exponential decay [Corollarv\38\. one has the main state- 
ment: 

Theorem 39. Let E W he stable at infinity, with reference metric Hq, over 
an asymptotically cylindrical SU (3)— manifold W as given by the Calabi-Yau- 
Tian-Kovalev Theorem 1141 then, for any < T < oo, £ admits a \— parameter 
family {i?t} of smooth Hermitian metrics solving 

I = on Wx[0,T]. 

[ H{0) = Ho 

Moreover, each Ht approaches Hq exponentially in all derivatives over tubular 
segments Si (5) along the non-compact end. 
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5 Time-uniform convergence 



There is a standard way |Don2[ §1-2] to build a functional on the space of 
Hermitian bundle metrics over a compact Kahler manifold the critical points of 
which, if any, are precisely the Hermitian Yang-Mills metrics. This procedure 
is in fact completely analogous to the Chern-Simons construction, in that it 
amounts to integrating along paths a prescribed first-order variation, expressed 
by a closed 1— form. 

In this Section I will adapt this prescription to W ^ restricting attention to 
metrics with suitable asymptotic behaviour, and to the Ki divisors — (z) 
along the tubular end. On one hand, the resulting functional J\fw will illustrate 
the fact that our evolution equation converges to a HYM metric. On the other 
hand, crucially, the family Afn^ will mediate the role of stability in the time- 
uniform control of {Ht} over W. 



5.1 Definition of the functional 



I will set up this analogous framework in some generality at first, defining an a 
priori path-dependent functional Afw on a suitable set of Hermitian metrics on 
£. When restricted to the specific 1— parameter family {Ht} from our evolution 
equation, we will see that Afw {Ht) is in fact decreasing, from which the t ^ oo 
limit, if it exists, must be HYM on £. Let 



If) = \ h ^ End£ I h is Hermitian, 



^ 

S^co J 



denote the space of fibrewise Hermitian matrices which decay exponentially 
along the tube. 

Definition 40. Let Hq be the set of smooth Hermitian metrics H on £ ^ W 
such that: 



H ^ Ho. 



Remark 41. About the Definition; 

1. The exponential decay l\34^ implies Hq g Hq. Indeed, Hq is a star domain 
in the affine space Hq +Tq, in the sense that Hq + i(H — Hq) e "Ho, 
V {£, H) G [0, 1] X "Ho; with H — Hq G Xq. Thus Hq is contractible, hence 
connected and simply connected. 

2. There is a well-defined notion of 'infinitesimal variation' of a metric H , 
as an object in the 'tangent space ' 

ThHq ~ Iq. 

c° 



3. We know from that Fho 



L^{W,u:) 



0, hence 
< oo, ViJ G Hq. 
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4- Any 'nearby' H G Hq. for which ^ = logi^p is well-defined (i.e., 
c°(w,(.j) ^ joined to Hq by 

7 : [0, 1] ^ -Ho 

Clearly ^ 0, so j{£) G Hq, G [0, 1]. 

5. Given any T > 0, </ie solutions {fft}jg[Q o/ owr /?ow /orm a path in Hq, 
since Fh^ decays exponentially along the tube for any t [ Theorem 139) /. 

Let {no, ^^'^ (W)) be given by 

0H : ThHo ^ n^'^ (W) 
6'H(fc) -2itr {H^Kk.Fn) ' ^ ' 

Then we may, at first formally, write 

{Pw)H{k) - / eH{k)hu:\ (40) 
Jw 

which will define a smooth 1— form on any domain Hq d U G "Hq where the 
integral converges, for all H e U and all k G ThT-Lq- The crucial fact is that p 
is identically zero precisely at the HYM metrics: 

{pw)h = ^ / tr {H-^k.FH) A = 0, Vfc G ThUq 
Jw 

^ Fh^{Fh,uj)^0. 

Following the analogy with Chern-Simons formalism, this suggests integrating 
pw over a path to obtain a function having the HYM metrics as critical points. 
Given H G T-Iq, let 7 (^) = i?^ be a path in Hq connecting H to the reference 
metric Hq, and form the evaluation of 9 along 7: 



$^ {£) = [0^ (7)] (£) = 2itr [Hj\Hi.FH,) G 9}'^ [W) . (41) 
For instance, with 7 as in (p8| . we have H^^.Hi — H^^.Hq. (^e^^) — and 



(p„.)^fij,) = / $^(^)Aw2 = 21/ tr^.i^//, 

= 21 / tr ^.Fh, dVo\^ 
Jw 

is well-defined near Hq, since ^ = log Hq^H is bounded and i^i/^ is integrable 
[Remark \41\ . Thus, in this setting at least, we have a rigorously defined integral: 

A/'v^ (H) = / PW- (42) 



7 
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There is a convenient relation between (£) and the rate of change of the 
'topological' charge density trF^ along 7, which will be useful later: 

Lemma 42. Let H be a Hermitian bundle metric, let h € ThUo &e infin- 
itesimal variation of H and denote t = hH~^ ; then the curvature of the Chern 
connection of H varies, to first order, by 

Fh+h = Fh + BdHT + O {\t\''^ . 

Proof Set g={H + h)H-^ = I + T, so that [DlO p.46][Don3 p. 15] 

Fh+h = FH + d (g-^dng) ■ 
Observing that g^^ = 1 — r + O we expand the variation of curvature: 



d{g ^dng) = -(5 ^-dg-g ^)dHg + g ^ddng 

= - (1 - r) ar (1 - t) dHT + (1 - r) ddnr + O (|t| 

= ddHT + o{\T\^y ■ 

Corollary 43. Let {7 (£) = H^} C T^o be a \— parameter family of metrics on 
£ ; then the evaluation from satisfies 

-i55<I>^W = ^trF^^. 
Proof. Using the first order variation of F [Lemma \4-S\ and the Bianchi identity: 

^tiF^„ = 2tr ( 4, Fh,] A Fh, = 2tr ddn, ( H7\He] A Fr, 



= -idd^^ (i) . ■ 

By the same token, if we restrict attention to our family {'j{t) — Ht] C Ho 
satisfying the evolution equation 

I = , (43) 

set Afw (Hq) — and write for short <l>t = ^''{t), we obtain a real smooth 
function 

Mw (Ht) = ^ ipw)H, (Ht) dt = (X^ ^ '^') ^^^^ 



Proposition 44. T/ie function JVw (Ht) *s well-defined, Vt £ [0, oo[, and 
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Proof. Using the evolution equation 



d_ 
Jt' 



2 ^ 2 



3 



L2(H/) 



and this is finite, as decays exponentially along W [Proposition \35\ . ■ 

The above Proposition confirms that we are on the right track: if the {Ht} 
converge to a smooth metric H = Hoo at all, then H must be HYM. 

5.2 jVw is path-independent 

Our definition of Afyy by integration of pw is a priori path dependent and we 
have briefly examined two examples [ (|42|) and (|44|) ] of such formulation, both 
of which will be relevant in the ensuing analysis. Let us now check that these 
settings are, in fact, completely equivalent. 

Lemma 45. Let H E Ho and h,k E ThHq = lo; in the terms of y 7[ ), the 
difference 

m{h,k) = ^^{dH+h{k)-eH{k)) 

is anti- symmetric to first order, modulo img9 + img9. 

Proof. In the notation of Lemma \4^ a.x\A setting a = hK^^, the anti-symmetrisation 
of TjH is 

[h, k) = r^H (h, k) - rjn (fc, h) _ 

= tr ((ct.t — T.cr) .Fh + (J.ddHT — T-ddno') + (45) 
+ 0{\a\.\T\') + Oi\T\.\a\'). 

The curvature of the Chern connection of H obeys Fh ~ ddn + dnd, so 

(J.ddHT = g.Fh .T — a.dndT 

— a.Fff.T — dn {(J.Bt) — B [Oh^.t) + T.ddncr', 

mutatis mutandis, 

rddHcr = t.Fh.ct — Oh (r.da) — B {dHT.a) + (t.BOht. 
Substituting these and using the cyclic property of trace in (1451) we find 

(h, k) = itr [Oh {t.Bu — a.Br) + B {dHT.a - Oh^.t)) 
+ 0{\a\.\T\') + 0{\T\.\a\') 
e img9 + img9 modulo 0{\a\ .\t\^) + 0{\t\ .\a\^). ■ 
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Corollary 46. LetlA C Ho be a subset where the integral defining the I— form 
pw in |^<$[ ) converges, for all H ^ U and all k G ThHq; then pw\u closed. 

Proof. Recall that a 1— form is closed precisely when its infinitesimal variation 
is symmetric to first order. In view of the previous Lemma, it remains to check 
that {h, k) A oj'^ integrates to zero modulo terms of higher order: 



lim 

S-i-oo 



ih,k)Auj^ = 0. 



Ws 



Taking account of bi-degree and de Rham's theorem, still modulo 0(|(t| . |t| ) - 
Oi\r\.\af), 

(h, fc) A = 



Ws 



dWs 



tr [(t.i9(7 — a.dr) + {dur.a — ^//cr.r)] A 



i / tr [2T.d<T + 2dHT.<T - Vh (ct.t)] A i 



dWs 

tr (r.9cr + Oht.ct) A 



dWs 



LU^ ^ 

5— foo 



From (the Calabi-Yau-Tian-Kovalev) Theorem^T^ along the tube we have, as 
in (1211, 



Consequently, as S' — ^ oo, the operation '. A w^' annihilates all components of 
the 1— form tr {r.da + dnT.a-) except those transversal to {\z\ = e^^) in 
dWs ^D^-x S^: 



dWs 



tr {r.da + Oht.o) A 



UJ 



dWs 



tr ( T.-^dz + iidHT)^ .adz) A {nj + O (e^^)) 



Oi\z\)A{^j + 0{\z\)) ^ 0. 

Here we used that \dz\ , \dz\ = O (e"'^) — O {\z\) [Lemma[W\, while r and a 
also decay exponentially in all derivatives [Definition \40\ . ■ 

Since Ho is simply connected, we conclude that 



Afw ^ Pw 

J '-y 



(46) 



doesn't depend on the choice of path 7. 
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5.3 A lower bound on 'energy density' via Md-^ 

It is easy to adapt this prescription to the K2> divisors = (z) along 
the tubular end. Such a family A/ij^ will mediate the role of stability in the 
time-uniform control of {Ht} over W. Following |Don2[ pp. 8-11], define 9z G 

{no,n^'HD.)) by 

id.)H ■■ Th-Ho ^ n^^^ p.) 

(0,)^(fc) = 2itr (H\-^l.k.FH\n) ■ ^^^^ 



and accordingly 

(pijJhW- / 0Hik)Au;, (48) 



Setting each Afo^ (Hq) — 0, and choosing, at first, a curve j {£) — He\^^ of 
Hermitian metrics on £"1^ , we write [cf. (|^5)) ] 

f^D^= [ PD^ = [ [ OAoj. (49) 

Each Dz being a compact complex surface, it is known [ibid.] that this definition 
of A/z)^ is in fact path-independent. 

In view of Provosition \58l underlying this article's main Theorem, one would 
like to derive, for small enough |z|, a time-uniform lower bound on the 'energy 
density' given by the cj— trace of the restriction of curvature ^i/J^j : 

Recalling that £,t G r(Endf) is defined by Ht = Hqc^* (hence is self-adjoint 
with respect to both metrics), write At for its highest eigenvalue as in ([27]) and 
set 

Lt = sup At. 

w 

Claim 47. There are constants c,c',c" > independent oft and z such that, 
for every t G ]0, cxi[, there exists an open set At C t{Woo) C CP^ of parameters 
along the tubular end satisfying: 

1. Vz G At, \z\ < 5 as in Definition 1161 stable; 

2. in the measure induced on t(Woo) by the cylindrical metric ^21\ . with 



\\FAz\\l2^D^)dshda >^^ioo{At){l 



d 

Tt 



3. moreover, when Lt 3> 0, one has 

Aioo(At) W c"y/Tt. 
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This technical statement may be interpreted as a lower bound on the 'en- 
ergy'. Together with a uniform upper 'energy bound' on over W, it will 
suffice to establish the time- uniform C"— bound on At. 

At last, the asymptotic stability assumption on £ intervenes, by an instance 
of [Donal Lemma 24]: 

Lemma 48. Suppose is stable with Hermitian Yang-Mills metric -ffolc / 

then there exists a [positive] constant Cz such that 



(...) - ' 



Intuitively, the argument goes as follows: on a fixed far enough along the 
tube, the quantity (^t) is controlled, in a certain sense, by the w— traced 
restriction of curvature Fi^^ [Lemma^J^helow]. On the other hand, the stability 
assumption implies that the same A/d- (Ht) controls ||^t||^4^^ ^ \Lemma |^^| , 

so S,t\jj arbitrarily 'big' would imply on Ft\z being at least 'somewhat big'. 
Moreover, if this happens at some zq then it must still hold over a 'large' set At C 
CP^ of parameters z, roughly proportional to the supremum = ||At||^o^^ -j 

[Claim\47\. 

Adapting the archetypical Chern-Weil technique [cf. Subsection \2.2\ . I es- 
tablish an absolute 'energy bound' on Fh^ over W [estimate ([M)) below], so that 
the set At, carrying a 'proportional amount of energy', cannot be too large in 
the measure /ioo- Hence the supremum Lt, roughly of magnitude /Xoo(^t), can 
only grow up to a definite, time-uniform value. 

I will start by proving essentially 'half of Claim [7?! 

Lemma 49. There exists a constant ci > 0, independent oft and z, such that 
f^oAHt) <ciLt\\F^z\\L^(D^) Vie]0,oo[. 

Proof. Fixing t > Q and \z\ < S, we simplify notation by = and ||.|| = 
IMIl2(d,) and consider the curve 

7: [0,1]^ Hol^^ 
7 {£) = Hoe'^ 

with 7 (1) = Ht and 7^^. 7^ = ^. Using the first variation of curvature [Lemma 
we obtain j^Fg = Bde^, with de = and Fg = F^(^^y 
Form 



Jq Jd^ Jq \Jd^ J 

so that m (1) = Afn^ (Ht) and m (0) = 0; differentiating along 7 we have 

to' {£) = 21 / CFe A uj. 
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The function m {£) is in fact convex: 

m" {£) = 2i f tre (Bidi^) Alo^2 - ||V,el|' > 

2 I — 1 2 1 2 

since ^ is real, and so \diS,\ = \diS,\ = ^ I^^CI ■ Now, by the mean value 
theorem, there exists some £ E [0,1] such that 

NdAHi) = m(l) = m(0) + m'(^) < m'(l) < 2 / |C-FiAw| 
using convexity and Cauchy-Schwarz, with ci = 2 sup -^/Vol (I3z) and the nota- 

Nl<"5 

tion Fx = Ff/j . ■ 

Remark 50. Convexity implies that Md^ {Ht) = m (1) is positive for all t, 
because m! (0) — gives an absolute minimum at £ — 0, so ni (1) > ni (0) ~ 0. 

Finally, it can be shown that AA is (weakly) uniformly bounded [Donal 
p. 246], hence the maximum principle suggests that |^f| cannot 'decrease faster' 
than a certain concave parabola along the cylindrical end. With that in mind, 
let us assume, for the sake of argument, that the following can be made rigorous: 

In the terms of Claim there exists a set Ai, 'proportional' to 
d' \fLt^ such that 

where ci is independent of t and z. 
Then, together with Lemmaj^ and Lemma \J3\ this would prove Claim \Jl\ with 

f ■ f \ ^ ' 1 
c ~ mi Cz and c — — . 

Ci \\z\<5 ) C2 

This is the heuristics underlying the proof, in the next Section. 
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6 Proof of Claim 



Recall that one would like to establish, for small enough \z\, a time- uniform 
lower bound on the 'energy density' given by the w— trace of the restriction 



in the weak sense that its L^— norm over a cylindrical segment S far enough 

down the tubular end is bounded below by a scalar multiple of Vol E. Moreover, 

the length of such a cylinder S can be assumed roughly proportional to Lt = 

sup^ At , so that Lt 3> implies a large 'energy' contribution. This turns out 

to be exactly what is needed to obtain the C"— bound in Provosition 1 

The strategy consists, on one hand, of using the weak control over the Lapla- 

cian from Lemma \ 52\ to show that, around the furthest point down the tube 

where Lt = max At is attained, the slicewise supremum of At is always on top of 
w 

a certain concave parabola Pf On the other hand, the integral along the tube of 
the slicewise norms ||A||^4^^ ^, which bounds below Afo^iHt) [Lemma^^, can 
be shown to be itself bounded below by those slicewise suprema, using again the 
weak bound on the Laplacian to apply Moser's estimate on 'balls' of a standard 
shape, which fill essentially 'half of the corresponding tubular volume. 

Since Mn^iHt) is controlled above by pHt, in the sense of Lemma^J^ this 
leads to the desired minimal 'energy' contribution, 'proportional' to the length 
(roughly a/XI) of the tubular segment underneath the parabola Pt. 

6.1 Preliminary analysis 

Here I establish some basic wording and technical facts underlying the proof. 

Definition 51. Given a Lipschitz function / : — ;> R, smooth away from a 
set of codimension at least 3, and /3 € M, denote 



A/</3 4^ / /A(p</3||(p||po(^), y^eC^iW). 
Jw 

The constant (3 will he referred to as a weak bound of the Laplacian. 

Recalling that £,t €T (End£) is defined by Ht — Hqc^* (hence is self-adjoint 
with respect to both metrics), write At for its highest eigenvalue; then: 

Lemma 52. The Laplacian of X admits a weak bound /3 > 0.' 

_ w 

AAt < /3. 

Proof. This is a direct consequence of the weak inequality [Donal p. 243]: 



AA < 2 



Fho 



Hr 



in view of the time- uniform bound on [Corollary \21\. 
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Lemma 53 (weak maximum principle). In the terms of Definition [5TJ if f <0 
over a (bounded open) domain U C W, then /|y < max/. 

Proof. Let M = max/ and suppose, by contradiction, that a local maximum 

occurs at (an interior point) q £ U. Then, working in local coordinates, take 
then a (small) neighbourhood U D V 3 q such that the gradient field V/ 'points 
inwards' to q, and choose a smooth positive bump function ip g C^{W), peaking 
at q, with supp (i^) C V and such that (V/, V(/3) > almost everywhere on V. 
Then 

0> / /A^= / /A^'^^ / (V/,V^)>0 
Jw JV Jv 

which either iterates all over U to imply / = M or contradicts the assumption 
that q is an interior point. Note that step (*) is only rigorous under the assump- 
tion that V/ is defined away from a singular set of large enough codimension 
that an e— neighbourhood of it has dVolt^l^^^ = O(e^). This guarantees 
that boundary terms in the integration by parts over V\Ni; vanish when e — > 0, 
since / is Lipschitz [Donal p. 244]. ■ 

Lemma 54. Let {D,g) he a compact Riemannian manifold, f G L°° {D,W^), 
p> 1 and X > 0; then there exists a constant kp — kp {D,g) > such that 

11/11 >^||/i+-|| 

II J lip — px II •' 111 

with \\-\\q =^ IMlL5(D,g) '1 <q<oo, andF ^ ||/||^. 
Proof. It suffices to write 

1 1 

xp 



pi y I ' ii-- lip 



F rfVolg ) > ( / /P ( ^ ) dVolg ) = II/1+- 



D / \JD 



then apply Holder's inequality, finding kp — (VolgDpp' 



6.2 A concave parabola as lower bound 

In tubular coordinates \z\ = e~*, the supremum of At over a transversal slice 
along Woo defines a smooth function 

it : K+ ^ M+ _ 
it{s) = sup At. 

Moreover, for each t > 0, denote St the 'furthest length' down the tube at which 

Lt is attained, i.e., St — max s, and set 

Lt=et{s) 

It = [St,St + S+] CK+ 
with 5 ( a/i + jjLt ~ l) a-iid /? as in Lemma 
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Lemma 55. For each t > 0, the transversal supremum £t is bounded below by 
the concave parabola Pt{s — St) ^ Lt — ^{s — St){s — St + 1) over It, i.e., 

(ti-s) > Pt{s), Vs e 

Proof. Fix t > 0, > S > and set Jt (5) = ]St -l,St + S[ (I suppress 
henceforth the t subscript everywhere, for clarity). The parabola takes the value 
P(— 1) = P(0) = L at the points 5* — 1 and S, and its concavity is precisely the 

weak bound on AA [Lemma\52\. so we have A (A — P) < on J{S) and Lemma 
[53l gives 

(A-P)l^,^, < maxi sup (A - P) , sup (A - P) I 

Ls=S'— 1 s=S+5 ) 

^o = e{s)-p{s) < e{s + 6) - p{s + 6), yo<s<5+ 

since by assumption £{S — I) < L = P(— 1). Hence £ > P, Vs el. ■ 



Remark 56. Fixing < e < 1 and setting 6'^t = ^ ^y^l + ^(1 — e)Lt — Ij, 

it{s) > eLt, Vs G = [St, St + S+t] ■ (50) 



Moreover, for Lt 3> 0, one has fa c!l\fl7t, with c" — ' — — — 



-'e.t ~ '-£ V -^t, wiuii, — Y ^ 

6.3 Moser's estimate over transversal slices 

The goal of this Subsection is to establish the following inequality: 



Lemma 57. Given t > and < e < I, let St(e) = I^^t y~ D Wg^_^g+ \ Wst 
be the finite cylinder along W , under the parabola Pt of Lemma [551 determined 
by the interval of length 5^t '"^ which (I50p holds, and suppose '^nS'^t ^ then, 
for each x > 0, there exists a uniform constant k^.e > such that 

11+^ dVo\^^ > h^,.StfLl+\ (51) 

St(e) 

Again let me suppress the t subscript, for tidiness, and work all along in the 
cylindrical metric Wqo- For each s G 1^, let Ps G dWg ~ I?s x S*^ be a point 
on the corresponding transversal slice such that the maximum £{s) = X{ps) is 
attained. Now form the 'unit' open cylinder Bg C of length ^ (so that the 
volume integral over Bg along the S^ x directions is 1), centered on ps, such 
that 

VoIP, Vol {Bs n Ds) = ivolf, 

where Vol D = Vol Dg denotes the (same) four-dimensional volume of (all) Dg . 

- ^ 

Under the weak bound AA < (3 [Lemma\^, Moser's estimate |Mosj over Bg 
gives 
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where fc^ > is a uniform constant (as all are congruent by translation) and 
the second inequality conies from property (|50p . 

In particular, one can choose at most 2tt6^ £ N values Sj e such that the 
corresponding Bg. are necessarily disjoint, and form their union 

II 

Clearly Voli3(e) > ^{2nS^)Vo\D. Now, the statement about averages (|52p 
goes over to the disjoint union, which proves the Lemma, with k^^e = T^k'^ Vol Z?: 

/ Ai+"> / Ai+" > VolB(e)fc;(eL)'+". 



6.4 End of proof 

It is now just a matter of putting together the previous results. At the end of 
Suhsection\5 knew 



over each Dz sufficiently far down the tube, for a uniform constant fc' > 0. 
Choosing < e < 1 and x > 0, integrating over = x and applying 
iemma[^we have 

y \\F\\2dsAda>k"j^(^J WX^+^'W^dsAda^-k'^ 

where fc" = fc'.A:4 is still a uniform constant. Moreover, by Lemma |57[ the 
integral term is bounded below by k" .k^^x-^t i so Holder's inequality gives 



(VolA,)^ (^J \\F\\ldsAday > J+ (^/c".fc, 
Since the interval 1^ has length precisely S'^ , we finally have 



_ k^ 



\F\\ldsAda > ( fc".fc,,,.- ^ 

ZTT 



which yields the Claim, choosing e.g. e ^ ^, x = 1 and [cf. RemarkWt 

k" .k\ .\'^ , , r— 

J-i , c' = T7A and c" = 27rji. 
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7 Conclusion 



7.1 Proof of the Main Theorem 



Let {Ht} be the family of smooth Hermitian metrics on £ — > given for 
arbitrary finite time by Proposition \ 34\ In order to obtain a HYM metric as 
H = hm Ht it would suffice to show that {Ht} is C°— bounded, for then it 

is actually C°°— bounded on any compact subset and the limit H is smooth 
[Lemmas [13 and [23 . Concretely, this would mean improving the constant 
Ct in (1301) to a time-uniform bound Coo or, what is the same, controlling the 



sequence A* of highest eigenvalues of = log Hq Ht [cf. (|2^ 



(53) 



I will show that this task reduces essentially to Claim [7^ as the problem (|53)) 
amounts in fact to controlling the size of the set At where the 'energy density' 
Ft\z is bigger than a definite constant. I begin by stating the announced upper 
bound: 



w 



{\FhA 



'Ho 



dVol. 



< 



yt e ]0,oo[. 



(54) 



The curvature of a Chern connection splits orthogonally as F = F.uj F-^ 



in n^'^ (End£), so = \F-^\ 



F 



(setting — 1). On the other hand, 



the Hodge-Riemann equation (|59|) [see Appendix A] reads 



tr A w 



F' 



F 



Comparing we find cj-^ = tr F"^ A cj + 2 



Fit) 



[cf. Subsection \2.2\ . so 



/ (trF2^-trF2jA^ + 2 / (e* - eo) 
Jw Jw 



E{t) < / (-i99$t) A cj + 2 / (-Aef)^^ 
Jw Jw 



< hm / 2 

hws 



5— »oo 





dtr ( Fh, .Fh,]/\uj + ^ dVol ^\g^^ 



using Corollary along with its Proof and (^ + A) < as in (|26| . then 
complex integration by parts [Lemma\6U\ and the Gauss-Ostrogradsky theorem, 

and finally the exponential decay FHt — > 0, a direct consequence from Pro- 

S—^oo 

vosition \35\ and Corollary \38\ Since obviously E{0) = 0, this proves the upper 
bound (O 
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From now on I will write, in cylindrical coordinates, Dg for when \z\ 
e~'' . Reasoning as above we find, for a Chern connection on , 



^^2. (55) 



Also recall, for immediate use, that 

dVol^ = \uj^ = \ds Ada A (k/ + d%pf + dip 
dNo\^\^^ = \{uj\j,f = l{nj + di>Y 

with dip = O (e~*). In the terms of Claim^J^ denote S( = x Dg the finite 
cylinder r^^ (At) along the tubular end Woo- Then, isolating the component of 
curvature along D^, the Hodge- Riemann property (j55p gives a lower estimate 
on the curvature over E^: 



dVol^-dij'j > J ^^dYol^-dip'j 



At IJD, 



\Ftis\ dVo\ 

t^lua )■ ds A da 



> 



A, 



(c2(5|^J,[i?.])+2 / li^p dVo\^\^[dsAda 



2 I 1 2 

On the other hand, the asymptotia of Fo ((35)) give ji^ol = |^o|s| + over 
Woo, where the remainder is obviously positive and satisfies Rq — O (e^"), so 

^ (|^^o|'-i?o) {dVol^-S^} = J^[J^ \Po\s\'' dVol^l^^^dsAda 

= / YM Ds (Ho) ds A da 
J At 

and, by DefiniUon\I]\ YM (-^0) = (c2 (^IdJ > [^^])- Comp aring and can- 
celling the topological terms: 

^ (jFtf ~\Fof + Ro) {dVo\^-d^}>2 ||?^||i.p^)dsAda. (56) 

This discussion culminates at the following result: 

Proposition 58. Under the hypotheses of Claim 1471 there exists a constant 
Coo, independent oft and z, such that 

it < Coo, Vie]0,C5o[. 

Proof. Since /ioo {At) = d' yfL^ then either Lt is uniformly bounded in t and 
there is nothing to prove, or (a subsequence of) the sequence of sets {^t}o<f<oo 
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gets arbitrarily /ioo— large as t — ?> oo. In the latter case, the factor of c' in the 
Claim becomes negligible, as does the dip term in ([5^ along the tube Woo, so: 

c.Aioo(At) < ^ |i^o|' + i?o) {dVol^-dV'} 




That integral, in turn, approaches the tail of E{t) + H-Ro 1 1^1(^1/) know 
from the negative energy condition that this is bounded above, uniformly 
in t. Hence the tail cannot grow indefinitely and, by contradiction, there must 

exist Coo — ^ ^^^"1^^,'"/'^' ^ yielding the statement. ■ 

Finally, replacing the uniform bound for Ct in (|30p . this control cascades 
into the exponential C°— decay in (155]) and hence the C°°— decay in Corollary 
We have thus proved the following instance of the HYM problem: 

Theorem 59. Let £ ^ W be stable at infinity, equipped with a reference 
metric Hq, over an asymptotically cylindrical SU (3) —manifold W as given 
by the Calabi-Yau-Tian-Kovalev Theorem [T4j and let {Ht = Hqc^*} be the 
1— parameter family of Hermitian metrics on £ given by Theorem I39|. ' the limit 
H — lim Ht exists and is a smooth Hermitian Yang- Mills metric on £ , expo- 

f oo 

nentially asymptotic in all derivatives [cf. Notation 137)/ to Hq along the tubular 
end of W: 

Fh = 0, H Ho. 



7.2 Examples of asymptotically stable bundles 

It is fair to ask whether there are any holomorphic bundles at all satisfying 
the asymptotic stability conditions of Definition \16[ thus providing concrete 
instances for the analysis leading to Theorem \59[ We know on one hand that 
Kovalev's admissible base manifolds [cf. Definition[T^ are Kahler 3-folds coming 
from blow-ups W = Bl c'X, where X is Fano and the curve C = D - D represents 
the self-intersection of a K3 divisor D G \—Kx\ |Kov2[ 6.43]. In addition, 
several of the examples provided (e.g. X = CP^, complete intersections etc.) 
are nonsingular, projective and satisfy Pic (X) — Z and Pic (D) = Z. 

On the other hand, certain linear monads over projective varieties of the 
above kind yield stable bundles as their middle cohomology [Jar] . Those are 
called instanton monads and have the form 

-> Ox{~lf' ^ Of+^^ A Ox {if' ~> (57) 

Then indeed the middle cohomology £ = K/imga is always a stable bundle 
with 

rank(£)=2, ci{£) = 0, C2{£) = c-h'^ 
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where h = ci{Ox{i)) is the hyperplane class and c > 1 is an integer. In those 
terms, denote K = kerf] and twist the monad by Ox{—d), d = degD, so the 
relevant data fit in the following canonical diagram: 



i 

Ox {-{d+1)) 

i 

K{-d) 
^ E{-d) 


Then, computing cohomologies, one checks by Hoppe's criterion |0-S-S[ pp. 165- 
166] that indeed f l^j is stable, i.e., the bundle £ is asymptotically stable. 

NB.: Fixing the base manifold W — ^\c (CP^) and c~l,d — A as monad 
parameters, this construction specialises to the well-known null-correlation bundle 
[P-S-S [Bar . 

A detailed study of asymptotically stable bundles over Kovalev's admissible 
base manifolds will be published separately in ! J-Sj. 



8 



Ox{-{d-l)f 
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Appendix 



A Bundle-valued differential forms 
A.l Inner product 

Let G be a semi-simple Lie group, E ^ M a. principal G— bundle over a smooth 

Riemannian n— manifold M; wc denote g = Lie (G) and g^; ~ Endi?. 

We use throughout the inner product of endomorphism-valued p— forms 

{a,p)= [ (aA*/3)g, a,/3eO''(0B) (58) 

where (., .) denotes the Killing metric on g acting on the endomorphism part 
of the composition a A */3 G i^'^ {Qe) and the standard inner product (from 
the Riemannian metric on M) acting on the differential form part. In local 
coordinates, let a = aj (S) dx^ and f3 = f3i dx^ , with aj, /3/ G g; then 

(aA*/3)g=^(a7,/37)gd/x 
where d^ is the volume form. 

A. 2 Integration by pEirts on complex manifolds with bound- 
ary 

Lemma 60 (Integration by parts). Let X" CW be a compact complex (sub)manifold 
(possibly n = 3), $ a {1,1) —form, SI a closed {n — 2, n — 2) —form and f a 
meromorphic function on X; then 

/ $ A dd^f A O = / /. (-iaa$) An + i [ (4> A 9/ + f.d^) A 

Jx Jx JdX 

Proof. By the Leibniz rule and Stokes' theorem, using d = d + d and taking 
account of bi-degree, we have 

/ ^Add^'fAfl = [ ^AiddfAfl 
Jx Jx 

= if <l>AdfAn- I id^AdfAn 

JdX Jx 

^ V ' 

(*) 

and again 

(*) = i / f.d^ An+ [ f. {-idd^) Aft. ■ 

JdX Jx 
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A. 3 The Hodge-Riemann bilinear relation 



The curvature on a Kahler fold splits as F = F.ljj G ^^-^ (Endf ), so: 



The Hodge-Riemann pairing (a, /?) i — > aA/^Aw on Jl^^^ (Vt^) is positive-definite 
along uj and negative-definite on the primitive forms in (w)''" [Huy( pp. 39-40] 
(with respect to the reference Hermitian bundle metric); since the curvature F 
is real as a bundle-valued 2— form, we have: 



trF^ Aw"-2 ^ 



F 



(59) 



using that tr 



1^1 on the Lie algebra part. 



B Gaussian upper bounds for the heat kernel 

The following instance of [Gril Theorem 1.1] stems from a long seriesH of gen- 
eralised 'Gaussian' upper bounds (i.e., given by a Gaussian exponential on the 
geodesic distance r) for the heat kernel Kt of a Riemannian manifold. 

Theorem 61. Let M be an arbitrary connected Riemannian manifold, x,y G 
M and < T < oo; if there exist suitable [see below] real functions f and g 
satisfying the 'diagonal' conditions 

Kt{x,x)<^ and if,(y,y)<J-, VtG(0,T), 
fit) 9{t) 

then, for any C > 4, there exists S = 6{C) > such that 



X,(a;,j;)<^=^^cxp(-%^^ VtG(0,r) 



where (est.) depends on the Riemannian metric only. 

n 

For all purposes in the present text one may assume simply f{t)=g{t)~f2^ 
but in fact / and g can be much more general, provided they have subpolynomial 
or superpolynomial growth in the sense of the following conditions [Op. cit. 
p.37]: 

• /, g : (0,r) — > arc monotonically increasing; 

• 3A,B>1, a,^ > 1 such that, VO < < i2, 

f{at,) ^ J{at2) g{f3t,) ^ „ 9{Pt2) 

fih) - nt2) g{ti) - git^) ■ 



Agoing back to J. Nash (1958) and D. Aronson (1971) [Op. cit., pp. 1-2], 
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